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Abstract
We show that complete cotangent lifts of vector fields, their decomposi-
tion into vertical representative and holonomic part provide a geometrical
framework underlying Eulerian equations of continuum mechanics. We
discuss Euler equations for ideal incompressible fluid and Vlasov equa-
tions of plasma dynamics in connection with the lifts of divergence-free
and Hamiltonian vector fields, respectively. As a further application, we
obtain kinetic equations of particles moving with the flow of contact vec-
tor fields both from Lie-Poisson reductions and with the techniques of
present framework.
Keywords: complete cotangent lift, vertical representative, diffeo-
morphism groups, kinetic equations of contact particles
1 Jets
Let (E , pi,M) be a smooth bundle with coordinates (xa; 1 ≤ a ≤ dim (M) = m)
on the base manifold M and
(
xa, uλ; 1 ≤ λ ≤ rank (pi) = k
)
on the total mani-
fold E . The vertical bundle associated with pi is
V pi = kerTpi = {ξ ∈ TE : Tpi (ξ) = 0} (1)
and this is a vector subbundle of the tangent bundle TE . Here Tpi denotes the
tangent mapping of the projection pi. Two sections φ, ψ ∈ S (pi) of the bundle
pi at a point x ∈M are called equivalent if their tangent mappings are equal at
that point, that is, Txφ = Txψ. Given a point x, an equivalence class containing
a section φ is denoted by j1xφ. The first order jet manifold
J1pi =
{
j1xφ : x ∈ M and φ ∈ S (pi)
}
(2)
associated with (E , pi,M) is the set of equivalence classes at every point x ∈M
with induced coordinates
(
xa, uλ, uλa
)
: J1pi → Rm+k+mk : j1xφ→
(
xa, uλ (φ (x)) ,
∂φλ
∂xa
∣∣∣∣∣
x
)
. (3)
We have fibrations pi0 : J
1pi → E : j1xφ→ φ (x) and pi1 : J
1pi →M : j1xφ→ x of
J1pi on E and M, respectively [5],[15].
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2Given a differentiable map ρ : N → M from a manifold N to the base
manifold M, the pull-back bundle of pi by ρ is the triple (ρ∗E , ρ∗pi,N ) where
ρ∗E = N ×M E = {(n, e) ∈ N × E : pi (e) = ρ (n)} (4)
is the Whitney product and, ρ∗pi = pr1 is the projection to the first factor [5].
Consider the pull back bundle(
pi∗0 (TE) = J
1pi ×E TE , pi
∗
0τE = pr1, J
1pi
)
of (TE , τE , E) by the projection pi0 : J1pi → E , where τE is the tangent bundle
projection. A section of pi∗0τE is called a generalized vector field of order one
[15],[16]. One may regard a section of pi∗0τE as a map from J
1pi to TE . We
require that generalized vector fields are projectable [6].
In coordinates, a generalized vector field is
ξ
(
j1xφ
)
= ξa (x)
∂
∂xa
∣∣∣∣
x
+ ξλ
(
j1xφ
) ∂
∂uλ
∣∣∣∣
φ(x)
(5)
and its first order prolongation pr1ξ is
pr1ξ = ξ +Φλa
∂
∂uλa
, Φλa = Dxa
(
ξλ − ξbuλb
)
+ ξbuλba (6)
where Dxa is the total derivative operator with respect to x
a and, uλba (jxφ) =
∂2φλ/∂xa∂xb is an element of the second order jet bundle. Lie bracket of two
first order generalized vector fields ξ and η is the unique first order generalized
vector field
[ξ, η]pro =
(
pr1ξ (ηa)− pr1η (ξa)
) ∂
∂xa
+
(
pr1ξ
(
ηλ
)
− pr1η
(
ξλ
)) ∂
∂uλ
. (7)
If ξ and η are two vector fields on E , then [ , ]pro reduces to the Jacobi-Lie
bracket of vector fields [13].
2 Lifts
Consider a vector field X ∈ X (M) on M, and let φ be a section of pi. The
holonomic lift of X (x) ∈ TxM by φ is(
j1xφ, Tφ (X (x))
)
∈ pi∗0 (TE) = J
1pi ×E TE . (8)
In coordinates, if X = Xa (x) ∂/∂xa, then
Xhol = Xa
∂
∂xa
+Xa
∂φλ
∂xa
∂
∂uλ
= Xa
∂
∂xa
+Xauλa
(
j1xφ
) ∂
∂uλ
. (9)
Define the holonomic part of a projectable vector field ξ ∈ X (E) as the holonomic
lift of its push forward by pi, that is
Hξ = (pi∗ξ)
hol
. (10)
3Hξ is a generalized vector field of order one. Define a connection (1; 1) tensor
ΓJ= dx
a ⊗
(
∂
∂xa
+ uλa
∂
∂uλ
)
. (11)
satisfying Hξ = ΓJξ. Then, the vertical (or evolutionary) representative
V ξ = ξ − ΓJ (ξ) =
(
ξα − ξauλa
) ∂
∂uλ
(12)
of ξ is vertical valued generalized vector field of order one [13],[15],[16].
Proposition 1 Holonomic lift is a Lie algebra isomorphism from the space of
projectable vector fields in X(E) into J1pi ×E TE.
Proof. We consider two projectable vector fields ξ and η on E. A straight
forward calculation gives
[ΓJ (ξ) ,ΓJ (η)]pro =
[
ξhol, ηhol
]
pro
= [ξ, η]
hol
= ΓJ [ξ, η] (13)
where [ , ]pro is the Lie bracket for generalized vector fields in Eq.(7).
On the other hand, the generalized bracket of vertical representatives satisfies
[V ξ, V η]pro = V [ξ, η]pro +B (ξ, η) , (14)
where B is a vertical-vector valued two-form
B (ξ, η) =
[
ηhol, V ξ
]
pro
−
[
ξhol, V η
]
pro
. (15)
There is, however, a class of vector fields, defined again by lifts, for which the
vertical representative becomes a Lie algebra isomorphism. Let ϕt : M → M
be the flow of X on M. Cotangent lift of ϕt is a one-parameter group of
diffeomorphism ϕc∗t on T
∗M satisfying
piM ◦ ϕ
c∗
t = ϕt ◦ piM (16)
where piM is the natural projection of T
∗M to M. The cotangent lift of
the inverse flow T ∗ϕ−t satisfies the argument in Eq.(16). Infinitesimal gen-
erator Xc∗ : T ∗M → TT ∗M of the flow ϕc∗t is called complete cotangent lift
of X. Xc∗ is a Hamiltonian vector field on the canonical symplectic manifold
(T ∗M,ΩT∗M = −dθT∗M) for the Hamiltonian function P (X) = iXc∗θT∗M [8].
The infinitesimal version
TpiM ◦X
c∗ = X ◦ piM.
of Eq.(16) gives the relation between X and Xc∗ with TpiM being the tangent
mapping of piM. The complete cotangent lift mapping
c∗ : X (M)→ X (T ∗M)
taking X to Xc∗ is a Lie algebra isomorphism into [8],[17]
[Xc∗, Y c∗] = [X,Y ]
c∗
, ∀X,Y ∈ X (M) . (17)
4In Darboux’s coordinates (xa, yb) on T
∗M, the complete cotangent lift of
X = Xa (x) ∂/∂xa on M is
Xc∗ = XP(X) = X
a ∂
∂xa
− yb
∂Xb
∂xa
∂
∂ya
(18)
with the Hamiltonian function being P (X) (x,y) = ybXb (x). We decompose
the complete cotangent lifts into vertical representative and holonomic part
V Xc∗ = −(yb
∂Xb
∂xa
+Xb
∂ya
∂xb
)
∂
∂ya
and HXc∗ = Xa
∂
∂xa
+Xa
∂yb
∂xa
∂
∂yb
. (19)
where the connection in Eq.(11) has the particular form
Γ = dxa ⊗
(
∂
∂xa
+
∂yb
∂xa
∂
∂yb
)
. (20)
Proposition 2 The mapping V c∗ : X (M) → X (T ∗M) : X → V Xc∗ is a Lie
algebra isomorphism into.
Proof. The vector valued two form B in Eq.(15) vanishes for the complete
cotangent lifts, that is, B (Xc∗, Y c∗) = 0 for all X,Y ∈ X (M) , therefore one
has V [Xc∗, Y c∗] = [V Xc∗, V Y c∗]pro and the result
V [X,Y ]
c∗
= [V Xc∗, V Y c∗]pro . (21)
follows from Eq.(17).
The last object we consider in this section is the vertical lift of one forms.
Take the cotangent lift T ∗piM : T
∗M → T ∗T ∗M of the projection piM :
T ∗M → M and recall the isomorphism Ω♯T∗M : T
∗T ∗M → TT ∗M associ-
ated with the symplectic two-form ΩT∗M on T
∗M. Define the Euler vector
field
XE : T
∗M→ TT ∗M : z→ Ω♯T∗M ◦ T
∗piM (z) (22)
which is vertical, that is, image (XE) ⊂ ker (TpiM). Indeed,
〈z, T piM ◦ XE (z)〉 =
〈
T ∗piM (z) ,Ω
♯
T∗M ◦ T
∗piM (z)
〉
= ΩT∗M (T
∗piM (z) , T
∗piM (z)) = 0, (23)
∀z ∈ T ∗M, where we used the skew-symmetry of ΩT∗M. XE is the unique
vector field satisfying the following equalities
iXEΩT∗M = θT∗M, LXEΩT∗M = −ΩT∗M, LXEθT∗M = −θT∗M, (24)
where iXE and LXE are the interior product and the Lie derivative operators
[7]. Let α ∈ Λ1 (M) be a one-form on M. The vertical lift
αv = XE ◦ α ◦ piM : T
∗M→ TT ∗M (25)
5of the one-from α is a vertical vector field on T ∗M. The Jacobi-Lie bracket of
a complete cotangent lift and a vertical lift is a vertical lift
[Xc∗, αv] = (LXα)
v
(26)
for X ∈ X (M) and α ∈ Λ1 (M) [17]. In coordinates (xa, yb) of T ∗M, the
Euler vector field is XE = −ya∂/∂ya and the vertical lift of the one-form α =
αa (x) dx
a becomes αv = −αa (x) ∂/∂ya.
3 Dynamics
Assume that a continuum initially rests in M, and the group Diff (M) of
diffeomorphisms acts on left by evaluation on M
Diff (M)×M→M : (ϕ,x)→ ϕ (x) (27)
to produce the motion of particles. The right action of Diff (M) commutes
with the particle motion and constitutes an infinite dimensional symmetry group
of the kinematical description. This is the particle relabelling symmetry [2].
An element of the tangent space TϕDiff (M) at ϕ ∈ Diff (M) is a map
Vϕ :M→ TM called the material velocity field and satisfies τM ◦ Vϕ = ϕ. In
particular, the tangent space TidMDiff (M) at the identity idM ∈ Diff (M)
is the space X (M) of smooth vector fields onM. The Lie algebra of Diff(M)
is X (M) with minus the Jacobi-Lie bracket of vector fields [8].
The dual space X∗ (M) ≃ Λ1 (M) ⊗ Den (M) of the Lie algebra is the
space of one-form densities on M. The pairing between α ⊗ dµ ∈ X∗ (M) and
X ∈ X (M) is given by
〈α⊗ dµ,X〉 =
∫
M
〈α (x) , X (x)〉 dµ (x) . (28)
The pairing inside the integral is the natural pairing of finite dimensional spaces
TxM and T ∗xM. The coadjoint action is
ad∗X : X
∗ (M)→ X∗ (M)
: α⊗ dµ→ LX (α⊗ dµ) = (LXα+ (divdµX)α)⊗ dµ (29)
∀X ∈ X (M) and hence the Lie-Poisson equations on X∗ (M) are
α˙ = −LXα− (divdµX)α, (30)
where divdµX denotes the divergence of the vector field X with respect to the
volume form dµ.
In terms of vertical lifts, the dynamics in Eq.(30) is generated by the vector
field (LXα+ (divdµX)α)
v
. For the divergence free vector fields, if α = yadx
a,
then the Lie-Poisson equations are generated by
(LX(yadx
a))v = V Xc∗ (xa, ya) . (31)
63.1 Ideal incompressible fluid
For an ideal incompressible fluid in a bounded compact region Q ⊂ R3 the con-
figuration space is the group Diffvol (Q) of volume preserving diffeomorphisms
on Q. The Lie algebra Xdiv (Q) of Diffvol (Q) is the algebra of divergence free
vector fields parallel to the boundary of Q and, the dual space X∗div (Q) is the
space
X∗div (Q) = {[Υ]⊗ d
3q ∈ (Λ1(Q)/dF(Q))⊗Den(Q)}, (32)
of one-formmodulo exact one-form densities onQ. Here, [Υ] = {Υ+ dp˜ : p˜ ∈ F(Q)}
denotes the equivalence class containing Υ and the volume three form d3q is
the Euclidean volume on R3 [2],[11].
Let (xa,Υb) be induced coordinates and X = X
a∂/∂xa be a divergence free
vector field. The complete cotangent lift of X is
Xc∗ = Xa
∂
∂xa
−Υb
(
∂Xb/∂xa
) ∂
∂Υa
and its vertical representative becomes
V Xc∗ =
(
−Υb
∂Xb
∂xa
−Xa
∂Υb
∂xa
)
∂
∂Υa
. (33)
Equations of motion for the dynamics generated by V Xc∗ are
∂ [Υ]
∂t
= −LX [Υ] . (34)
For a generic element Υ+dp˜ ∈ [Υ] , Eq.(34) becomes Euler’s equations for ideal
fluid, that is ∂Υ/∂t+ LXΥ = dp. If the dual space X∗div (Q) is identified with
exact two forms by [Υ] → dΥ = ω ∈ Λ2(Q), then Eq.(34) becomes the Euler’s
equation in vorticity form ∂ω/∂t+ LXω = 0.
3.2 Collisionless plasma
We takeM to be cotangent bundle T ∗Q ofQ ⊂ R3 in which the plasma particles
move. The configuration space of collisionless nonrelativistic plasma is the group
Diffcan (T
∗Q) = {ϕ ∈ T ∗Q : ϕ∗ΩT∗Q = ΩT∗Q} (35)
of all canonical diffeomorphisms where ΩT∗Q is the canonical symplectic two
form on T ∗Q [4],[9],[10]. We assume that, the Lie algebra of Diffcan (T ∗Q)
is the space of globally Hamiltonian vector fields Xham (T
∗Q) with minus the
Jacobi-Lie bracket so that the equations
[Xh, Xf ]JL = −X{h,f}ΩT∗Q (36)
describe a Lie algebra isomorphism
h→ Xh :
(
F (T ∗Q) , { , }ΩT∗Q
)
→ (Xham (T
∗Q) ,−[ , ]JL) , (37)
between Xham (T
∗Q) and the space of smooth functions F (T ∗Q) modulo con-
stants endowed with the (nondegenerate) canonical Poisson bracket { , }ΩT∗Q .
7Proposition 3 The dual space of the Lie algebra Xham (T
∗Q) of Hamiltonian
vector fields is
X∗ham (T
∗Q) = {Πid ⊗ dµ ∈ Λ
1(T ∗Q)⊗Den(T ∗Q) : divΩT∗QΠ
♯
id 6= 0}. (38)
With this definition of the dual space the L2-pairing of the Lie algebra and
its dual becomes nondegenerate provided we take the volume form to be the
symplectic one dµ = Ω3T∗Q in∫
T∗Q
〈Xh (z) ,Πid (z)〉 dµ (z) = −
∫
T∗Q
〈
dh,Π♯id
〉
dµ = −
∫
T∗Q
iΠ♯
id
(dh) dµ
= −
∫
T∗Q
dh ∧ iΠ♯
id
dµ =
∫
T∗Q
hdiΠ♯dµ
=
∫
T∗Q
hdivΩT∗QΠ
♯
iddµ, (39)
where we use the musical isomorphism Ω♯T∗Q : Πid → Π
♯
id induced from the sym-
plectic two-form ΩT∗Q and apply integration by parts [8, internet supplement].
The dual of the Lie algebra isomorphism in Eq.(37) is
Πid (z)→ divΩT∗QΠ
♯
id (z) (40)
and it is a momentum map. In Darboux’s coordinates z =
(
qi, pi
)
on T ∗Q,
we have ΩT∗Q = dq
i ∧ dpi and we take Πid = Πi (z) dqi + Πi (z) dpi. Then, the
momentum map
f (z) = divΩT∗QΠ
♯
id (z) =
∂Πi (z)
∂qi
−
∂Πi (z)
∂pi
(41)
defines the plasma density function.
In the induced coordinates
(
qi, pj ; Πi,Π
j
)
on T ∗T ∗Q, consider the Hamil-
tonian function h = (1/2m) δijpipj + eφ (q) which is the energy of a charged
particle on Q [9]. The corresponding Hamiltonian vector field is
Xh(z) =
1
m
δijpi
∂
∂qj
− e
∂φ
∂qi
∂
∂pi
. (42)
The complete cotangent lift of Xh and its decomposition into vertical represen-
tative and holonomic part are
Xc∗h = Xh − δ
ij 1
m
Πi
∂
∂Πj
+ eΠj
∂2φ
∂qj∂qi
∂
∂Πi
,
HXc∗h = Xh +Xh (Πi)
∂
∂Πi
+Xh
(
Πi
) ∂
∂Πi
,
V Xc∗h =
(
eΠj
∂2φ
∂qj∂qi
−Xh(Πi)
)
∂
∂Πi
−(
1
m
Πjδ
ji +Xh(Π
i))
∂
∂Πi
, (43)
8where Xh (Πi) denotes the action of Xh on Πi. Since, Hamiltonian vector fields
are divergence free, the Lie-Poisson equations
Π˙i = −Xh (Πi) + e
∂2φ
∂qi∂qj
Πj
Π˙i = −Xh
(
Πi
)
−
1
m
δijΠj (44)
are generated solely by V Xc∗h . These are Vlasov equations in the momentum
variables [4]. For the density formulation, we make back-substitution of the
plasma density function f (z) = divΩT∗QΠ
♯
id into Eqs. (44) and obtain the
Vlasov equation
∂f
∂t
+
δijpi
m
∂f
∂qj
− e
∂φ
∂qi
∂f
∂pi
= 0. (45)
3.3 Contact flows in 3D
Let M be a three dimensional manifold with a contact one form σ ∈ Λ1 (M)
satisfying dσ ∧ σ 6= 0. A contact form determines a contact structure which,
locally is the kernel of the contact form σ. A diffeomorphism on M is called
a contact diffeomorphism if it preserves the contact structure. We denote the
group of contact diffeomorphisms by Diffcon (M). A vector field on a contact
manifold (M, σ) is called a contact vector field if it generates a one-parameter
group of contact diffeomorphisms [1],[12].
In Darboux’s coordinates (x, y, z) on M, we take the contact form to be
σ = xdy+dz. For a real valued functionK = K (x, y, z) onM, there corresponds
a contact vector field
XK =
(
∂K
∂y
− x
∂K
∂z
)
∂
∂x
−
∂K
∂x
∂
∂y
+
(
−K + x
∂K
∂x
)
∂
∂z
, (46)
on M satisfying the identities
iXKσ = −K and iXKdσ = dK − (iRσdK)σ, (47)
where Rσ = ∂/∂z is the Reeb vector field of σ. Rσ is the unique vector field
satisfying iRσσ = 1 and iRσdσ = 0. The divergence divdµXK of XK with respect
to the volume form dµ = dσ ∧ σ can be computed to be divdµXK = −2RσK.
Contact Poisson (or Lagrange) bracket of two smooth functions on M is
defined by
{L,K}c =
∂L
∂x
∂K
∂y
−
∂L
∂y
∂K
∂x
+
∂K
∂z
(
L− x
∂L
∂x
)
−
∂L
∂z
(
K − x
∂K
∂x
)
, (48)
∀L,K ∈ F (M) . The identity [XK , XL]JL = −X{K,L}c establishes an isomor-
phism between Lie algebras (Xcon (M) ,− [ , ]JL) and (F (M) , { , }c). Follow-
ing result gives a precise definition of the linear algebraic dual of Xcon (M).
9Proposition 4 The dual space of the algebra Xcon (M) of contact vector fields
is
X
∗
con (M) =
{
α⊗ dµ ∈ Λ1 (M)⊗Den (M) : dα ∧ σ − 2α ∧ dσ 6= 0
}
(49)
where σ is the contact form on M and dµ = dσ ∧ σ.
Proof. Proof. This follows from the requirement that the pairing between
Xcon (M) and X∗con (M) be nondegenerate. We compute∫
M
〈α,XK〉 dµ =
∫
M
α ∧ iXKdσ ∧ σ +
∫
M
(iXKσ)α ∧ dσ
=
∫
M
α ∧ (dK − (iRσdK)σ) ∧ σ −
∫
M
Kα ∧ dσ
=
∫
M
K (dα ∧ σ − 2α ∧ dσ) , (50)
where we use the identities in Eq.(47) at the second step.
A geometric definition of density of contact particles can be achieved by
considering the Lie algebra isomorphism F (M) → Xcon (M) : K → XK the
dual of which is a momentum map
X∗con (M)→ Den (M) : α→ dα ∧ σ − 2α ∧ dσ. (51)
and defines a real valued function L on M
Ldσ ∧ σ = dα ∧ σ − 2α ∧ dσ. (52)
In coordinates, let α = αxdx+αydy+αzdz ∈ X
∗
con (M) and recall σ = xdy+dz.
Then,
L(x, y, z) = −
∂αx
∂y
+
∂αy
∂x
− x
∂αz
∂x
+ x
∂αx
∂z
− 2αz. (53)
The dual space X∗con (N ) admits the Lie-Poisson bracket
{H,K} (α) = −
∫
M
〈
α,
[
δH
δα
,
δK
δα
]
JL
〉
dµ = −
∫
M
〈α, [XH , XK ]JL〉 dµ, (54)
where H,K ∈ F (X∗con (M)) and δH/δα = XH , δK/δα = XK ∈ Xcon (M). The
Hamiltonian operator JLP (α) associated to the Lie-Poisson bracket in Eq.(54)
is defined by
{H,K} (α) = −
∫
M
〈XH , JLP (α)XK〉 dµ (55)
and a direct computation gives
Proposition 5 The Hamiltonian differential operator associated to the Lie-
Poisson bracket in Eq.(54) is
JLP (α) = −


αx
∂
∂x
+
∂
∂x
· αx αy
∂
∂x
+
∂
∂y
· αx αz
∂
∂x
+
∂
∂z
· αx
αx
∂
∂y
+
∂
∂x
· αy αy
∂
∂y
+
∂
∂y
· αy αz
∂
∂y
+
∂
∂z
· αy
αx
∂
∂z
+
∂
∂x
· αz αy
∂
∂z
+
∂
∂y
· αz αz
∂
∂z
+
∂
∂z
· αz

 , (56)
10
where ∂/∂x ·αy = αy∂/∂x+ ∂αy/∂x. Assuming δK/δα = XK , the Lie-Poisson
equations on X∗con (M) are
α˙ = JLP (α)XK = −ad
∗
XK
α = −LXKα− (divdµXK)α. (57)
The Lie-Poisson bracket on the dual space Den (M) of F (M), as defined
by Eq.(51), is
{H,K} (L) =
∫
M
L
{
δH
δL
,
δK
δL
}
c
dµ =
∫
M
L {H,K}c dµ, (58)
where δH/δL = H, δK/δL = K ∈ F (M) and dµ = dσ ∧ σ.
Proposition 6 The Hamiltonian operator JLP (L) for the Lie Poisson bracket
in Eq.(54) is
JLP (L) = XL +
(
4L+
∂L
∂z
)
∂
∂z
, (59)
and the Lie-Poisson equation on Den (M) becomes
L˙ = −{L,K}c − 2divdµ (XK)L. (60)
Proof. The verification of the Hamiltonian operator in Eq.(59) is a straight-
forward calculation which follows directly from the definition of the Lie-Poisson
bracket in Eq.(54). To obtain the Lie-Poisson equation we compute the coadjoint
action negative of which is the required equation. By definition
〈ad∗KL,H〉 = 〈L, adKH〉 = 〈L, {K,H}c〉
= −
∫
N
L {H,K}c dµ = −
∫
N
L
(
XK (H) +
∂K
∂z
H
)
dµ
=
∫
N
(
XK (L) + divdµ (XK)L−
∂K
∂z
L
)
Hdµ
=
∫
N
(
{L,K}c −
∂K
∂z
L+ divdµ (XK)L−
∂K
∂z
)
Hdµ
=
∫
N
({L,K}c + 2divdµ (XK)L)Hdµ, (61)
where we use integration by parts at the third step and the identities
{H,K}c = XK (H) +
∂K
∂z
H = −XH (K)−
∂H
∂z
K (62)
at the second and fourth steps.
The equation of motion L˙ = −ad∗KL is the kinetic equation of contact par-
ticles in density formulation.
Proposition 7 The Hamiltonian differential operators JLP (α) in Eq.(56) and
JLP (L) in Eq.(59) are related by
HJLP (L)K = −XHJLP (α)XK (mod div). (63)
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We now obtain dynamics of contact particles by the methods of previous
sections. Let (M, σ) be a contact manifold and consider the contact vector field
XK in Eq.(46). Its complete cotangent lift is
Xc∗K = XK +
(
Υ
∂K
∂z
+Ψ
∂K
∂x
)
∂
∂αx
+ (Φ +Ψ)
(
∂K
∂y
∂
∂αy
+
∂K
∂z
∂
∂αz
)
(64)
where we use the following abbreviations
Υ = αx
(
1 + x
∂
∂x
)
, Ψ = αy
∂
∂x
− αx
∂
∂y
− xαz
∂
∂x
, Φ = xαx
∂
∂z
+ αz (65)
and the induced coordinates (x, y, z, αx, αy, αz) on T
∗N . Xc∗K is a canonically
Hamiltonian vector field. The vertical representative V Xc∗K of X
c∗
K is
V Xc∗K =
(
Υ
∂K
∂z
+Ψ
∂K
∂x
−XK (αx)
)
∂
∂αx
+
(
(Φ + Ψ)
∂K
∂y
−XK (αy)
)
∂
∂αy
+
(
(Φ + Ψ)
∂K
∂z
−XK (αz)
)
∂
∂αz
, (66)
with XK (αx) denoting the action of XK on αx. To obtain the equations of
motion for the momentum variables, one needs to add the divergence term,
that is,
α˙ = V Xc∗K (α)− (divdµXK)α. (67)
It can be checked that Eq.(67) and Eq.(57) are equal. In coordinates, the system
of equations in Eq.(67) takes the form
α˙x = Υ
∂K
∂z
+Ψ
∂K
∂x
−XK (αx) + 2
∂K
∂z
αx
α˙y = (Φ +Ψ)
∂K
∂y
−XK (αy) + 2
∂K
∂z
αy
α˙z = (Φ +Ψ)
∂K
∂z
−XK (αz) + 2
∂K
∂z
αz. (68)
Substituting L in Eq.(53) to the system of Eqs.(68) we obtain the evolution of
the density of contact particles as given by Eq.(60).
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